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We study the phase space distribution of an optomechanical cavity near the threshold of self-excited
oscillation. A fully on-fiber optomechanical cavity is fabricated by patterning a suspended metallic mirror
on the tip of the fiber. Optically induced self-excited oscillation of the suspended mirror is observed above
a threshold value of the injected laser power. A theoretical analysis based on the Fokker-Planck equation
evaluates the expected phase space distribution near threshold. A tomography technique is employed for
extracting phase space distribution from the measured reflected optical power vs time in steady state.
Comparison between theory and experimental results allows the extraction of the device parameters.
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Optomechanical cavities are currently a subject of intense
basic and applied study [1-7]. Optomechanical cavities
can be employed in various sensing [8—11] and photonics
applications [12—18]. Moreover, such systems may allow
experimental study of the crossover from classical to
quantum mechanics [2,19-27] (see Ref. [28] for a recent
review). When the finesse of the optical cavity that is
employed for constructing the optomechanical cavity is
sufficiently high, the coupling to the mechanical resonator
that serves as a vibrating mirror is typically dominated by
the effect of radiation pressure [2,5,29-32]. On the other
hand, bolometric effects can contribute to the optomechan-
ical coupling when optical absorption by the vibrating mirror
is significant [7,33-40]. In general, bolometric effects play
an important role in relatively large mirrors, in which the
thermal relaxation rate is comparable to the mechanical
resonance frequency [36,38,41,42]. Phenomena such as
mode cooling and self-excited oscillation [3,20,36,37,41,
43-45] have been shown in systems in which bolometric
effects are dominant [7,33,37,41,49,50].

Recently, it has been demonstrated that optomechanical
cavities can be fabricated on the tip of an optical fiber
[46,47,51-57]. These miniature devices appear to be very
promising for sensing applications. However, their operation
requires external driving of the on-fiber mechanical reso-
nator. Traditional driving using either electrical or magnetic
actuation, however, is hard to implement with a mechanical
resonator on the tip of an optical fiber, a limitation that can
be overcome by optical actuation schemes [48].

In this Letter, we study a configuration of an on-fiber
optomechanical cavity and demonstrate that self-excited
oscillation can be optically induced by injecting a mono-
chromatic laser light into the fiber. The optomechanical
cavity is formed between the vibrating mirror that is fabri-
cated on the tip of a single mode optical fiber and an
additional static reflector. The results seen in Figs. 1 and 2
below have been obtained with a sample (labeled as sample
A) in which the static reflector is the glass-vacuum interface
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at the fiber’s tip, whereas the results seen in Fig. 3 have
been obtained with a sample (labeled as sample B) in which
the static reflector is a fiber Bragg grating (FBG). For both
samples, optically induced self-excited oscillation is attrib-
uted to the bolometric optomechanical coupling between the
optical mode and the mechanical resonator [49,50].
Optomechanical cavities operating in the region of
self-excited oscillation can be employed for sensing appli-
cations. Such a device can sense physical parameters that
affect the mechanical properties of the suspended mirror
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FIG. 1 (color online). A schematic drawing of sample A and the
experimental setup. An on-fiber optomechanical cavity is excited
by a laser. The reflected light intensity is measured and analyzed.
The inset shows a typical trace of the normalized displacement
(x — xq)/2 vs time measured by the oscilloscope above the self-
excited oscillation threshold with AP; /Py = 0.034. The photo-
detector signal is translated to displacement by measuring the
thermomechanical noise and employing the calibration method
that is described in Ref. [58].
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FIG. 2 (color online). The dependence on laser power P; for
sample A. (a) Phase space distribution extracted from the measured
probability distribution function w(X}) using Eq. (6). (b) Phase
space distribution calculated using Eq. (5). The following device
parameters have been employed for generating the plot in panel
(b): wg = 27 x 144 kHz, 1 = 1.55 um, T = 300 K, sp = 0.8,
and y,4%/y, = 8 x 10*.

(e.g., absorbed mass, heating by external radiation, accel-
eration, etc.). The sensitivity of such a sensor is limited by
the phase noise of the self-excited oscillation. Here, we
experimentally measure the phase space distribution of the
mechanical element near the threshold of self-excited oscil-
lation and compare the results with theoretical predictions.
The optomechanical cavity schematically shown in
Fig. 1 was fabricated on the flat polished tip of a single
mode fused silica optical fiber having outer diameter of
126 ym (Corning SMF-28 operating at wavelength band
around A = 1550 nm) held in a zirconia ferrule. Thermal
evaporation through a mechanical mask was employed for
patterning a metallic rectangle (see Fig. 1) made of a 10 nm
thick chromium layer and a 200 nm thick gold layer. The
metallic rectangle, which serves as a mirror, covers almost
the entire fiber cross section. However, a small segment is
left open in order to allow suspension of the mirror, which
was done by etching approximately 12 ym of the under-
lying silica in 7% HF acid (90 min etch time at room
temperature). The suspended mirror remained supported by
the zirconia ferrule, which is resistant to HF.
Monochromatic light was injected into the fiber of sample
A from a laser source having wavelength 4 = 1550.08 nm
and an adjustable power level P; . The laser was connected
through an optical circulator that allowed the measurement
of the reflected light intensity (Pz) by a fast responding
photodetector. The detected signal was analyzed by an
oscilloscope and a spectrum analyzer (see Fig. 1). The
experiments were performed in vacuum (at residual pressure
below 0.01 Pa). The angular frequency of the fundamental
mode of the suspended mirror @y, = 27 x 144 kHz was
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FIG. 3 (color online). The dependence on wavelength A for
sample B. The static mirror of the optomechanical cavity is
provided by a fiber Bragg grating mirror (made using a standard
phase mask technique [59], grating period of 0.527 ym and
length ~8 mm) with the reflectivity band of 0.4 nm full width at
half maximum centered at 1550 nm. The length of the optical
cavity was 10 mm. (a) Phase space distribution extracted from
the measured probability distribution function w(X}) using
Eq. (6). The laser wavelength is varied from the cavity resonance
value of 1z = 1.545135 um, for which the detuning factor sp
vanishes, to 1.545158 pm, for which s, = 1.3. (b) Phase space
distribution calculated using Eq. (5). The following device
parameters have been employed for generating the plot in
panel (b): wy = 27 x 225 kHz, m = 1.1 x 1072 kg, B, = 0.68,
Tor = 300 K, and y,4%/y, = 5 x 10°. Panels (c)—~(f) show cross
sections of the top color maps at different values of the detuning
factor sp.

estimated by the frequency of thermal oscillation measured
at low input laser power. When the injected laser power P,
exceeds a threshold value given by P;- = 4.3 mW, opti-
cally induced self-excited oscillation of the vibrating mirror
is observed (see Fig. 1).

In the limit of small displacement, the dynamics of
the system can be approximately described using a single
evolution equation [49]. The theoretical model that is used
to derive the evolution equation is briefly described below.
Note that some optomechanical effects that were taken
into account in the theoretical modeling [49] were found
experimentally to have a negligible effect on the dynamics
[50] (e.g., the effect of radiation pressure). In what follows,
such effects are disregarded.

The micromechanical mirror in the optical cavity is
treated as a mechanical resonator with a single degree of
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freedom x having mass m and linear damping rate y, (when
it is decoupled from the optical cavity). It is assumed that
the angular resonance frequency w,, of the mechanical
resonator depends on the temperature 7" of the suspended
mirror. For small deviation of T from the base temperature
T, (i.e., the temperature of the supporting substrate) w,, is
taken to be given by w,, = wy — (T — T,), where f is a
constant. Furthermore, to model the effect of thermal
deformation [37] it is assumed that a temperature-depen-
dent force given by Fy, = 0(T — T)), where 6 is a constant,
acts on the mechanical resonator [40].

The intracavity optical power incident on the suspended
mirror, which is denoted by P;I(x), where P; is the
injected laser power, depends on the mechanical displace-
ment x (i.e., on the length of the optical cavity). For small x,
the expansion I(x) = I, + Ijx + (1/2)I}x* is employed,
where a prime denotes differentiation with respect to
the displacement x. The time evolution of the effective
temperature 7 is governed by the thermal balance equation
T = k(Ty — T) 4+ nP I(x), where overdot denotes differ-
entiation with respect to time ¢, # is the heating coefficient
due to optical absorption, and « is the thermal decay rate.

The function /(x) depends on the properties of the optical
cavity formed between the suspended mechanical mirror
and the on-fiber static reflector (the glass-vacuum interface
on the fiber’s tip for sample A or FBG for sample B). The
finesse of the optical cavity is limited by loss mechanisms
that give rise to optical energy leaking out of the cavity. The
main escape routes are through the on-fiber static reflector,
through absorption by the metallic mirror, and through
radiation. The corresponding transmission probabilities are
respectively denoted by T, Ty, and Tg. In terms of these
parameters, the function /(x) is given by [50]

_ b1 - (B2/P)B
1 —cos(dnxp/A) + 2

I(x) (1)

where xp = x —xp is the displacement of the mirror
relative to a point xg, at which the energy stored in the
optical cavity in steady state obtains a local maximum,
P =(Tp+T,+Tg)?/8 and where B is the cavity
finesse. The reflection probability R- = Pg/P; is given
in steady state by [50,60] Rc = 1 —1I(x)/fr.

The displacement x(7) can be expressed in terms of the
complex amplitude A as x(#) = xy + 2ReA, where x,
which is given by x, = 119PL10/K(L)(2), is the optically
induced static displacement. For a small displacement,
the evolution equation for the complex amplitude A is
found to be given by [49]

A+ (Dagp + iQq)A = &(1), (2)

where both the effective resonance frequency Q. and the
effective damping rate I'.s; are real even functions of |A|. To
second order in |A| they are given by

T = T + L |A]%, Qe = Qo + XA, (3)
where Ty = o + 70P 1/ 205, Ty = v, + npP LI /4w, 12
is the mechanical nonlinear quadratic damping rate [61],
QO = Wy — ﬂﬁPLlo/K, and QZ = —ﬂﬂPLIg/K Note that the
above expressions for ', and Qg are obtained by making
the following assumptions: fx, < 0/2w,, Ok*> < fwil,
where A is the optical wavelength, and x < @, all of
which typically hold experimentally [50]. The fluctuating
term [62] &(t) = & (1) + i&,(t), where both &, and ¢,
are real, represents white noise and the following is
assumed to hold: (&, (1)&,(1)) = (&,(1)&, (1)) =205(¢ —1')
and (£,(1)&,(f')) = 0, where © = yokpTey/4mwg, kg is
Boltzmann’s constant, and 7' is the effective noise tem-
perature. Dependence of T on mechanical amplitude |A|
due to nonlinear damping [see Eq. (42) of Ref. [63]] is
disregarded since both y, and |A| are assumed to be small. In
cylindrical coordinates, A is expressed as A = A,eiAﬂ, where
A, =|A,| and Ay is real [64]. The Langevin equation for the
radial coordinate A, can be written as

. OH

At op =& (4)
where H(A,) = TyA2/2 +T,A}/4 and the white-noise
term &, (1) satisfies (£,(¢1)E,(1')) = 205(r — t').

Consider the case where I'; > 0, for which a supercritical
Hopf bifurcation occurs when the linear damping coeffi-
cient Iy vanishes. Above threshold, i.e., when I'j becomes
negative, Eq. (4) has a steady-state solution (when noise
is disregarded) at the point ro = /—I'y/I'; [see Eq. (3)].
The Langevin Eq. (4) yields a corresponding Fokker-Planck
equation, which in turn can be used to evaluate the
normalized phase space probability distribution function
in steady state [62,64], which is found to be given by

e~ (Ar/60)*=(1/47)(A,/80)* s
4 28 ve” (1 —erfy) )
where 53 = 20/ and where v = I’y /\/4T,©. Note that P
is independent of the angle A,.

Experimentally, the technique of state tomography can
be employed for extracting phase space probability dis-
tribution from measured displacement of the mechanical
resonator. The normalized homodyne observable X with
a real phase ¢ is defined by X, = 271/2(A%e' + Ae™).
Let w(X7,) be the probability distribution function of the
observable X,. In general, with the help of the inverse
Radon transform, the phase space probability distribution
function P can be expressed in terms of the probability
distribution functions w(Xﬁ/)) [65]. With a cw laser exci-
tation, in steady state, w(X},) is expected to be ¢ indepen-
dent. For such a case one finds that

1

P [Ty A (o)
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where the notation J,, is used to label Bessel functions of
the first kind, and where w({), which is given by
w() = =, dX;ﬁw(X;ﬁ)e_igX:/’, is the characteristic function
of w(X,); i.e., P is found to be the Hankel transform of the
characteristic function w(¢).

Sample A, which is seen schematically in Fig. 1, was
used to study the dependence of phase space distribution
on laser power. To that end, the photodetector signal (see
Fig. 1) was recorded over a time period of 2 ms for different
values of AP; = P; — P, where P is the laser power
and Py is the threshold value. Equation (6) together with
the measured probability distribution function w(X},) are
employed to evaluate the phase space distribution seen in
Fig. 2(a). Figure 2(b) exhibits the theoretical prediction for
the phase space distribution based on Eq. (5). The device
parameters that have been employed for generating the plot
in Fig. 2(b) are listed in the caption of Fig. 2.

In another on-fiber optomechanical cavity (sample B)
having a FBG mirror [50], the dependence on laser wave-
length was investigated. The optical cavity in this device is
significantly longer (in comparison with sample A), and
consequently, larger cavity detuning can be achieved for
a given change in optical wavelength. The experimental
results are compared with theory in Fig. 3. The device
parameters that have been employed for generating the plot
in Fig. 3(b) are listed in the caption of Fig. 3. The results
are presented as a function of the detuning dimensionless
factor sp = 4zxp/Af., which is proportional to the detun-
ing and inversely proportional to the resonance linewidth.
For example, when cavity asymmetry is disregarded (i.e.,
when f_ = 0) and when f, < 1, the reflectivity obtains its
half-maximum value R = 0.5 when s, = /2. Note that
positive values of sp correspond to “red” detuning, i.e.,
A > Ap = 1.545135 um, where Ay is the cavity resonance
wavelength (see caption of Fig. 3).

In summary, tomography is employed to measure
phase space distribution near the threshold of self-excited
oscillation. The comparison with theory, which yields a
good agreement, allows the extraction of device parame-
ters, which in turn can be used to evaluate the expected
sensitivity of sensors operating in the region of self-excited
oscillation [8—11]. Even though self-excited oscillations
can be optically driven in an on-fiber optomechanical
cavity even without adding an FBG (as is demonstrated
with sample A), a better control over cavity detuning and
cavity finesse can be achieved when FBG is integrated
(sample B).
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