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We study a recently proposed modified Schrödinger equation having an added nonlinear term.
For the case where a stochastic term is added to the Hamiltonian, the fluctuating response is found
to resemble the process of thermalization. Disentanglement induced by the added nonlinear term is
explored for a system made of two coupled spins. A butterfly-like effect is found near fully entangled
states of the spin-spin system. A limit cycle solution is found when one of the spins is externally
driven.

I. INTRODUCTION

In 1935 [1] Schrödinger has identified a self-
inconsistency in the quantum to classical transition pro-
cess [2–4], which became known as the problem of quan-
tum measurement. This problem is related to the phe-
nomenon of quantum entanglement. Exploring possible
mechanisms of disentanglement, may help resolving this
long-standing problem.

Processes such as disentanglement require nonlinear
time evolution. A variety of nonlinear terms [5] that can
be added to the Schrödinger equation have been explored
before [6–12]. In most previous proposals, the purpose of
the added nonlinear terms is to generate a spontaneous
collapse [13].

Here we explore a recently proposed modified
Schrödinger equation having an added nonlinear term
[14] (see section II). The proposed equation can be con-
structed for any physical system having Hilbert space of
finite dimensionality, and it does not violate unitarity of
the time evolution.

The effect of the added term on the dynamics of a
single spin 1/2 is studied in section III. The spin’s re-
sponse to an applied fluctuating magnetic field is found
to mimic the process of thermalization [15–18] (see sec-
tion IV). Disentanglement induced by the nonlinear term
is explored with two coupled spins (see section V). A
butterfly-like effect is found near fully entangled spin-
spin states.

The system can become unstable when one spin is ex-
ternally driven (see section VI). Limit cycle solutions for
the modified Schrödinger equation are found in the insta-
bility region. The instability of the modified Schrödinger
equation is closely related to an instability found with a
similar spin-spin system [19], when the equations of mo-
tion generated by the standard Schrödinger equation are
analyzed using the mean field approximation [20–23].

∗eyal@ee.technion.ac.il

II. THE MODIFIED SCHRÖDINGER

EQUATION

Let H be a time-independent Hermitian Hamilto-
nian of a given physical system. Consider a modified
Schrödinger equation for the state vector |ψ〉 given by
[14]

d

dt
|ψ〉 =

(

−i~−1H+ γDMD

)

|ψ〉 , (1)

where d/dt is a time derivative. In the added (to the
standard Schrödinger equation) term γDMD, the rate γD
is a positive coefficient, and the operator MD is derived
from a given non-zero state vector |Ψ〉 according to (the
state vector |Ψ〉 is not required to be normalized)

MD = −
√

〈Ψ |Ψ〉
1− 〈P〉 (P − 〈P〉) , (2)

where the projection operator P is given by

P =
|Ψ〉 〈Ψ|
〈Ψ |Ψ〉 , (3)

and the expectation value 〈P〉 is given by

〈P〉 = 〈ψ| P |ψ〉
〈ψ |ψ〉 =

|〈Ψ |ψ〉|2
〈Ψ |Ψ〉 〈ψ |ψ〉 . (4)

The modified Schrödinger equation yields a modified
master equation for the pure state density operator ρ =

|ψ〉 〈ψ| given by (note that M †
D =MD and H† = H)

dρ

dt
=

[H, ρ]
i~

+ γD (ρMD +MDρ) . (5)

Note that (d/dt)Tr ρ = 0 provided that Tr ρ = 1
(i.e. |ψ〉 is normalized) [see Eq. (2), and note that
〈O〉 ≡ Tr (ρO) for an arbitrary observable O = O†], and
that (d/dt)Tr ρ2 = 0 provided that ρ2 = ρ [note that
〈MD〉 = 0, see Eq. (2)]. Henceforth it is assumed that
|ψ〉 is normalized, and that ρ2 = ρ. The modified master
equation (5) yields a modified Heisenberg equation given
by

d 〈O〉
dt

=
〈[O,H]〉
i~

+ γD 〈MDO +OMD〉 , (6)

where O = O† is a given observable that does not explic-
itly depend on time.
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III. ONE SPIN

As an example, consider a spin 1/2 particle. The 2× 2
density matrix ρ is expressed as

ρ =
1 + k · σ

2
, (7)

where k = (kx, ky, kz) is a real vector, and σ =
(σx, σy, σz) is the Pauli matrix vector

σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, σz =

(

1 0
0 −1

)

. (8)

The HamiltonianH is assumed to be given by ~
−1H = ω·

σ, where ω = (ωx, ωy, ωz) is a constant real vector. With
the help of the identity (σ · a) (σ · b) = a·b+iσ ·(a× b),
where a and b are three-dimensional vectors, one finds
that [see Eq. (6), and note that Trσx = Tr σy = Trσz =
0,]

dk

dt
= 2 (ω × k) + γD 〈MDσ + σMD〉 . (9)

Consider the case where |Ψ〉 is taken to be a normalized
eigenvector of ŝ · σ, where ŝ = (sx, sy, sz) is a constant
real unit vector, and the corresponding eigenvalue is +1
(i.e. 〈Ψ |Ψ〉 = 1, ŝ · ŝ = 1 and ŝ · σ |Ψ〉 = |Ψ〉). For this

case
√

(1− ŝ · k) /2 〈MDσ + σMD〉 = (ŝ · k)k − ŝ [see
Eq. (2)], and thus (compare with Refs. [24–26])

dk

dt
= 2ω × k + γD

(ŝ · k)k− ŝ
√

1−ŝ·k
2

. (10)

The following holds ŝ = ŝ‖ + ŝ⊥, where the paral-
lel ŝ‖ and perpendicular ŝ⊥ (with respect to k) com-

ponents are given by ŝ‖ = (k · k)−1
(k · ŝ)k and ŝ⊥ =

− (k · k)−1
k × (k × ŝ) [recall the vector identity A ×

(B ×C) = (A ·C)B − (A ·B)C]. Thus, for the case
where |k| = 1 (i.e. k · k = 1) Eq. (10) becomes

dk

dt
= 2ω × k − γD

ŝ⊥
√

1−ŝ‖·k

2

=



2ω + γD
ŝ× k

√

1−ŝ·k
2



 × k .

(11)

The above result (11) indicates that the radial component
of dk/dt vanishes [i.e. (dk/dt) · k = 0] on the surface of
the Bloch sphere (i.e. when |k| = 1).
By multiplying Eq. (10) by ω̂ = ω/ |ω| one finds that

dk‖

dt
= γD

ŝ · ((k · ω̂)k− ω̂)
√

1−ŝ·k
2

, (12)

where k‖ = k · ω̂, hence dk‖/dt = 0 for k = ±ω̂. For the
case where ω̂ = ẑ Eq. (12) becomes

dk‖
dt

= γD
(sxkx + syky) kz + sz

(

k2z − 1
)

√

1−ŝ·k
2

. (13)

When γD ≪ |ω| the dynamics is dominated by the term
2ω × k in Eq. (10), which gives rise to spin precession.
For this case the averaged value of the term sxkx + syky
in Eq. (13) is nearly zero. Note that k2z − 1 ≤ 0,
hence for this case k → +ω̂ (k → −ω̂) in the limit
t → ∞ when sz < 0 (sz > 0). The plot shown in Fig.
1(a) is obtained by numerically integrating the modified
Schrödinger equation (10) for the case where ω is parallel
to the ẑ direction, and γD/ |ω| = 0.25. As can be seen
from Eq. (11), to first order in γD/ |ω| the k fixed point

is located at ±
(

ω̂ + (γD/ |ω|) (2 (1− ŝ · ω̂))−1/2 ŝ× ω̂
)

[see the red star symbol in Fig. 1(a)].
In the opposite extreme case of γD ≫ |ω|, the dynam-

ics is dominated by the term proportional to γD in Eq.
(10). Note that (ŝ · k)k − ŝ = 0 for k = ±ŝ, and that
the term proportional to γD in Eq. (10) gives rise to at-
traction (repulsion) of k to the point −ŝ (+ŝ). Consider
the case where k = −ŝ + δ, and where ŝ · δ = 0 (δ is
considered as infinitesimally small). To first order in |δ|
Eq. (10) yields

dδ

dt
= 2ω × (−ŝ+ δ)− γDδ +O

(

|δ|2
)

. (14)

hence the k point −ŝ+2 (|ω| /γD) ŝ×ω̂ is nearly a stable
fixed point when γD ≫ |ω| [see the red star symbol in
Fig. 1(b)].

FIG. 1: One spin. The black solid line is obtained by numer-
ically integrating of the one-spin modified Schrödinger equa-
tion (10). The blue solid (dashed) line connects the origin
and the point ŝ (−ŝ), and ω is parallel to the ẑ direction.
(a) The ratio γD/ |ω| = 0.25. The red star symbol repre-
sents the analytical approximation for the k fixed point given

by ±
(

ω̂ + (γD/ |ω|) (2 (1 − ŝ · ω̂))−1/2
ŝ× ω̂

)

, which is valid

when γD ≪ |ω|. (b) The ratio γD/ |ω| = 25. The red star
symbol represents the analytical approximation for the k fixed
point given by −ŝ + 2 (|ω| /γD) ŝ × ω̂, which is valid when
γD ≫ |ω|.
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IV. SPIN IN THERMAL EQUILIBRIUM

The effect of coupling between the spin and its en-
vironment can be accounted for using the modified
Schrödinger equation (1) provided that a fluctuating
magnetic field is added [27]. Consider the case where
the spin Hamiltonian H is given by ~

−1H = ω ·σ, where
ω = ω0ẑ+(ωx, ωy, ωz), where ω0 is a constant, and where
ωx (t), ωy (t) and ωz (t) represent the effect of a fluctu-
ating magnetic field. The following is assumed to hold
〈ωx〉 = 〈ωy〉 = 〈ωz〉 = 0, where 〈〉 denotes time averaging
(i.e. the fluctuating field has a vanishing averaged value),
and the correlation function 〈ωi (t)ωj (t′)〉 is given by

〈ωi (t)ωj (t′)〉 = δijω
2
s exp

(

−|t− t′|
τs

)

, (15)

where both the variance ω2
s and the correlation time τs

are positive constants, and where i, j ∈ {x, y, z}. The
added fluctuating magnetic field gives rise to longitudinal
T−1
s1 and transverse T−1

s2 relaxation rates given by [see
Eqs. (17.274) and (17.275) of Ref. [28]]

1

Ts1
=

2ω2
s τs

1 + ω2
0τ

2
s

, (16)

and

1

Ts2
=

1

2Ts1
+ ω2

s τs . (17)

The effect of a fluctuating magnetic field is demon-
strated by the plot shown in Fig. 2. The time evolution
of k is evaluated by numerically integrating the modified
Schrödinger equation (1) with added fluctuating mag-
netic field. The parameters used for the calculation are
listed in the figure caption. The Wiener-Khinchine theo-
rem is employed to relate the given correlation function
(15) to the power spectrum, which, in turn, is used to
derive the variance of Fourier coefficients of ωx, ωy and
ωz. The variance values are employed for generating ran-
dom Fourier coefficients, which in turn, allow generating
the functions ωx (t), ωy (t) and ωz (t) in a way consistent
with Eq. (15).

To account for the effect of the fluctuating field, a lon-
gitudinal relaxation term proportional to T−1

s1 is added to
Eq. (13). Consider the case where T−1

s1 ≪ γD ≪ |ω| and
ŝ = ẑ. For this case Eq. (13) has a steady state solution
given by k‖ = −1 + 1/ (1 + 2γDTs1) [the term propor-
tional to sxkx + syky in Eq. (13) has been disregarded,
since it is assumed that γD ≪ |ω|]. The corresponding
effective temperature Teff is given by

Teff =
~ω0

2kB tanh−1
(

1− 1
1+2γDTs1

) , (18)

where kB is the Boltzmann’s constant.

V. TWO SPINS

Consider a two spin 1/2 system in a pure state |ψ〉
given by |ψ〉 = a |++〉+ b |+−〉+ c |−+〉+ d |−−〉.

A. Single spin angular momentum

The single-spin angular momentum (in units of ~/2)
vector operators are denoted by S1 = (S1x, S1y, S1z) and
S2 = (S2x, S2y, S2z), and the total spin angular momen-
tum is S = S1 + S2 = (Sx, Sy, Sz). A given single-spin
linear operator of spin 1 (2) is represented by the 4 × 4
matrix σ0 ⊗K (K ⊗ σ0) where ⊗ denotes the Kronecker
tensor product, σ0 is the 2×2 identity matrix, and where
K is the 2× 2 matrix representation of the given single-
spin operator. The matrix representations of S1 · û1 and
S2 ·û2, where û1 = (sin θ1 cosϕ1, sin θ1 sinϕ1, cos θ1) and
û2 = (sin θ2 cosϕ2, sin θ2 sinϕ2, cos θ2) are unit vectors,
are thus given by [see Eq. (8)]

S1 · û1

=̇









cos θ1 0 sin θ1e
−iϕ1 0

0 cos θ1 0 sin θ1e
−iϕ1

sin θ1e
iϕ1 0 − cos θ1 0

0 sin θ1e
iϕ1 0 − cos θ1









,

(19)

FIG. 2: Thermal equilibrium. The red line represents the
static magnetic field direction, and the black line the Bloch
vector k. In this calculation ω0 = 10, γD = 5, ŝ = ẑ, ω2

s = 10
and τs = 5.
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and

S2 · û2

=̇









cos θ2 sin θ2e
−iϕ2 0 0

sin θ2e
iϕ2 − cos θ2 0 0

0 0 cos θ2 sin θ2e
−iϕ2

0 0 sin θ2e
iϕ2 − cos θ2









.

(20)

With the help of Eqs. (19) and (20) and the normaliza-
tion condition aa∗ + bb∗ + cc∗ + dd∗ = 1 one finds that

|〈S1〉|2 = |〈S2〉|2 = 1− 4 |ad− bc|2 . (21)

Note that the normalization condition implies that
|ad− bc|2 ≤ 1/4. In standard quantum mechanics the
term ad−bc is time-independent, provided that the spins
are decoupled [see Eq. (8.121) of Ref. [28]]. The term
|ad− bc| can be extracted from the partial transpose
ρT1 (ρT2) of the spin-spin density operator with respect
to spin 1 (2) using the relation det ρT1 = det ρT2 =

− |ad− bc|4 [29].
Consider the case where 〈S1〉 = 〈S2〉 = 0. For this case

the following holds 〈S1z〉 = a∗a + b∗b − c∗c − d∗d = 0,
〈S2z〉 = a∗a−b∗b+c∗c−d∗d = 0, 〈S1+〉 = 2 (a∗c+ b∗d) =
0 and 〈S2+〉 = 2 (a∗b+ c∗d) = 0, where Sn± = Snx±iSny
and n ∈ {1, 2}. The conditions 〈S1z〉 = 〈S2z〉 = 0 imply
that a∗a = d∗d and b∗b = c∗c, whereas the conditions
〈S1+〉 = 〈S2+〉 = 0 yield a∗/d = −b∗/c = −c∗/b. Hence
the state vector |ψ〉 for this case has the form

|ψ〉 = cos
θψ
2
e−

iφα
2

√
2

|++〉+ sin
θψ
2
ie−

iφβ
2

√
2

|+−〉

+
sin

θψ
2
ie

iφβ
2

√
2

|−+〉+ cos
θψ
2
e
iφα
2

√
2

|−−〉 ,

(22)

where θψ, φα and φβ and are real. Note that ad−bc = 1/2
for the state (22).
The operatorR is defined by [note that S1·S2 = S2·S1,

see Eqs. (19) and (20)]

R = S1 · S2 − 〈S1〉 · 〈S2〉 , (23)

and its expectation value 〈R〉 is given by

〈R〉 = 4
(

|ad|2 − |bc|2
)

− 4Re
((

b∗2 + c∗2
)

(ad− bc)
)

.

(24)
Note that 〈R〉 = 0 when ad− bc = 0.

B. Single spin purity

The single-spin purity P is given by P = 1−2 |ad− bc|2
[see Eq. (8.642) of Ref. [28]]. It is bounded by 1/2 ≤
P ≤ 1 [recall that |ad− bc|2 ≤ 1/4]. In terms of the

purity P , Eq. (21) reads |〈S1〉|2 = |〈S2〉|2 = 2 (P − 1/2).

C. Spin-spin disentanglement

Spin-spin disentanglement is generated by the term
proportional to γD in the modified Schrödinger equation
(1) provided that the bra vector 〈Ψ| is taken to be given
by [14, 30]

〈Ψ| = d 〈++| − c 〈+−| − b 〈−+|+ a 〈−−| . (25)

Note that 〈Ψ| (25) is normalized provided that |ψ〉 is
normalized, and that 〈Ψ |ψ〉 = 2 (ad− bc) [compare with
Eq. (21)].
The plots shown in Fig. 3 are based on numerical in-

tegration of the spin-spin modified Schrödinger equation
(1) with H = 0, and with 〈Ψ| given by Eq. (25). In
the panels labelled by the number ’1’ (’2’), the single-
spin purity is initially low P ≃ 1/2 (high P ≃ 1), i.e.

initially |ad− bc|2 ≃ 1/4 (|ad− bc|2 ≃ 0). The three-
dimensional plots labelled by the letter ’a’ (’b’) display
the time evolution of 〈S1〉 (〈S2〉). In these plots, red
straight lines are drawn between the origin and the initial
value of 〈Sn〉, whereas green lines represent time evolu-
tion of 〈Sn〉, where n ∈ {1, 2}. The plots labelled by the
letters ’c’ and ’d’ display the time evolution of P and 〈R〉
[see Eq. (23)], respectively. For both cases ’1’ and ’2’,

|〈S1〉|2 = |〈S2〉|2 → 1 [i.e. |ad− bc|2 → 0 and P → 1, see
Eq. (21)] in the long time limit t→ ∞, i.e. entanglement
vanishes in this limit.
The case where initially P ≃ 1/2 [see Fig. 3 (a1), (b1),

(c1) and (d1)] is explored by numerically integrating the
modified Schrödinger equation (1) with the initial condi-
tion (before normalization) of |ψ〉 = |ψ0〉+ ǫ |ψp〉, where

FIG. 3: Spin-spin disentanglement. In the panels labelled by
the numbers ’1’ (’2’), the single-spin purity is initially P ≃ 1/2
(P ≃ 1). The (initial value) time evolution of 〈S1〉 and 〈S2〉
is indicated by red (green) lines in the plots labelled by the
letter ’a’ and ’b’, respectively. The single spin purity P and
〈R〉 are shown as a function of time t in the plots labelled by
the letters ’c’ and ’d’, respectively.
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|ψ0〉 = |B0,0〉 = 2−1/2 (|+−〉 − |−+〉) is the singlet Bell
state (which is invariant under single-spin basis transfor-
mation, and which is fully entangled), ǫ is a small positive
number, and |ψp〉 = α |++〉+ β |+−〉+ γ |−+〉+ δ |−−〉
is normalized. For this case, to first order in ǫ initially
〈S1+〉 = −〈S2+〉 = 21/2 (δ − α∗) ǫ and 〈S1z〉 = −〈S2z〉 =
2−1/2 (β + β∗ + γ + γ∗) ǫ, i.e. initially 〈S1〉 = −〈S2〉.
The plots in Fig. 3 (a1), (b1), (c1) and (d1) demonstrate
that both 〈S1〉 and 〈S2〉 increase in magnitude with time
while remaining nearly anti-parallel to each other as they
both approach the Bloch sphere surfaces. The red star
symbols in Fig. 3(a1) and (b1) indicate the initial val-
ues of 〈S1〉 / |〈S1〉| and 〈S2〉 / |〈S2〉|. As the plots in Fig.
3(a1) and (b1) demonstrate, time evolution leaves these
normalized values nearly unchanged, provided that ǫ≪ 1
(the value of ǫ = 0.1 has been used for generating the
plots).
The case shown in Fig. 3 (a1), (b1), (c1) and (d1)

demonstrates strong dependency of the long time value of
|ψ〉 on its initial value. This dependency, which becomes
extreme when |ψ〉 is initially fully entangled, resembles
the butterfly effect. In the limit ǫ → 0, angular mo-
mentum is conserved by the modified Schrödinger equa-
tion, provided that |ψ0〉 = |B0,0〉. This can be attributed
to the fact that Sx |B0,0〉 = Sy |B0,0〉 = Sz |B0,0〉 = 0.
Conservation of the angular momentum ẑ component is
obtained when the initial state is the Bell triplet state
|B1,0〉 = 2−1/2 (|+−〉+ |−+〉), which is also fully entan-
gled, and for which Sz |B1,0〉 = 0.
The case where initially P ≃ 1 is demonstrated by

Fig. 3 (a2), (b2), (c2) and (d2). For this case both 〈S1〉
and 〈S2〉 are initially close to the Bloch sphere surfaces.
Consequently, the time evolution of |ψ〉 towards a fully
product state does not significantly change 〈S1〉 and 〈S2〉
(time evolution is represented by the green lines).

VI. INSTABILITY

Consider a system composed of two spins 1/2. The
first spin, which is labelled as ’a’, has a relatively low an-
gular frequency ωa in comparison with the angular fre-
quency ωb of the second spin, which is labelled as ’b’,
and which is externally driven. The angular momentum
vector operator of particle a (b) is denoted by Sa (Sb).
The Hamiltonian H of the closed system is given by

H = ωaSaz + ωbSbz +
ω1 (Sb+ + Sb−)

2
+ V , (26)

where the driving amplitude and angular frequency are
denoted by ω1 and −ωp = ωb − ∆, respectively (−∆ is
the driving detuning), the operators Sa± are given by
Sa± = Sax ± iSay, and the rotated operators Sb± are
given by Sb± = (Sbx ± iSby) e

∓iωpt. The coupling term is
given by V = g~−1 (Sa+ + Sa−)Sbz, where g is a coupling
rate. In a rotating frame, the matrix representation of the
transformed Hamiltonian H′ is given by H′=̇~Ω, where

the 4× 4 matrix Ω is given by

Ω =









ωa+∆
2

ω1

2
g
2

0
ω1

2
ωa−∆

2
0 − g

2
g
2

0 −ωa+∆
2

ω1

2

0 − g
2

ω1

2
−ωa−∆

2









. (27)

Disentanglement is generated by the modified
Schrödinger equation (1) by choosing the bra vector 〈Ψ|
to be given by Eq. (25). The expectation values of
〈S1〉 and 〈S2〉, which are shown in Fig. 4(a) and in
Fig. 4(b), respectively, are calculated by numerically
integrating the modified Schrödinger equation (1). For
the plot shown in Fig. 4, for which the Hartmann–Hahn
matching condition ωa = ωR [19, 31, 32] is assumed to be

satisfied, where ωR =
√

ω2
1 +∆2 is the Rabi angular fre-

quency, both 〈S1〉 and 〈S2〉 undergo a limit cycle (LC).
The instability responsible for the LC was studied in Ref.
[19], in which the equations of motion generated by the
Hamiltonian (26) were treated using in the mean-field ap-
proximation. This example demonstrates the connection
between the mean-field approximation and disentangle-
ment.

VII. SUMMARY

In summary, both processes of thermalization and dis-
entanglement can be modeled using a recently proposed
modified Schrödinger equation. The added nonlinear
term can give rise to instabilities and LC solutions. On
the other hand, it remains unclear whether quantum me-
chanics can be self-consistently reformulated based on the
proposed modified Schrödinger equation. Future study
will be devoted to exploring candidate formalisms.

FIG. 4: Dipolar LC. The expectation values of 〈S1〉 and
〈S2〉 are shown in (a) and (b), respectively. The modified
Schrödinger equation (1), with the Hamiltonian (26) and
the bra vector (25) is numerically integrated. The param-
eters used for the calculation are γD = 103, ωa = 102,
ω1 = −∆ = 2−1/2ωa and g = 0.2. Fluctuating magnetic
field with parameters ω2

s = 1 and τs = 0.05 is added [see Eq.
(15)].
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