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The response of a ferrimagnetic sphere resonator to an externally applied parametric excitation is
experimentally studied. Measurement results are compared with predictions derived from a theoret-
ical model, which is based on the hypothesis that disentanglement spontaneously occurs in quantum
systems. According to this hypothesis, time evolution is governed by a modified master equation
having an added nonlinear term that deterministically generates disentanglement. It is found that
the disentanglement–based model is compatible with the experimental results. In particular, the
model can qualitatively account for an experimentally observed instability in the system under study,
which cannot be derived from any theoretical model that is based on a linear master equation.

Introduction – Multistability is experimentally ob-
served in many quantum systems. In contrast, the lin-
earity of standard quantum mechanics (QM) excludes
multistability in systems having Hilbert space of finite di-
mensionality. In the current study, this apparent conflict
is experimentally and theoretically explored by studying
the response of a ferrimagnetic sphere resonator (FMSR)
to an externally applied parametric excitation.

In the classical realm, the response of a resonator to
an externally applied parametric excitation (longitudi-
nal driving) is well described by the Mathieu model [1].
When the excitation frequency is tuned to a paramet-
ric resonance, above a critical value of the parametric
excitation amplitude [2] the system’s steady state re-
sponse becomes bistable [3]. Moreover, with an added
applied monochromatic forcing (transverse driving), the
resonator’s response exhibits dependency on the relative
phase between longitudinal and transverse driving tones.
This dependency can be exploited for the construction of
amplifiers having a phase–sensitive gain.

In the quantum realm, similar effects can be explored
using spins [4]. Longitudinal driving can be applied by
modulating the magnetic field parallel to the spins’ mag-
netization vector, whereas modulating the perpendicular
component gives rise to transverse driving. The effect of
parametric excitation (i.e. longitudinal driving, aka par-
allel pumping) applied to magnetically ordered dielectrics
has been extensively studied [5]. Experimental observa-
tion of a response qualitatively similar to what is pre-
dicted by the Mathieu model has been first reported in
[6]. In the region where multistability occurs, the exper-
imentally observed spins’ response becomes hysteretic.

Previously proposed theoretical explanations for ex-
perimentally observed multistabilities in finite quantum
systems are based on the assumption that time evolution
is nonlinear. For spin systems, nonlinearity can be in-
troduced by implementing the Holstein–Primakoff trans-
formation [7], which allows expressing spin operators in
terms of annihilation and creation Bosonic operators. In
this transformation, which is henceforth referred to as
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Bosonization, the spins’ Hilbert space having finite di-
mensionality is mapped into a space having infinite di-
mensionality. In the presence of magnetic anisotropy, this
method gives rise to nonlinearity in the time evolution,
which, in turn, enables both instability and multistabil-
ity [8]. In contrast, for finite quantum systems, both
instability and multistability are theoretically excluded
provided that time evolutions for the systems’s reduced
density operator ρ is governed by a master equation that
linearly depends on ρ [9].
The above–discussed difficulty to justify the

Bosonization–based model, which enables multista-
bilities that are otherwise theoretically excluded [10],
is the main motivation for the current study. Here, an
alternative theoretical model, which is based on the
hypothesis that disentanglement spontaneously occurs
in quantum systems [11], is explored. According to this
hypothesis, time evolution is governed by a modified
master equation having an added nonlinear term [see
Eq. (1) below]. A FMSR is used to experimentally
validate the proposed model. While the impact of
disentanglement on the FMSR response to transverse
driving has been explored in [12], here the effect of
parametric excitation is studied. It is found that the
disentanglement–based model can qualitatively account
for an instability, which is experimentally–observed
in the system under study, and which is arguably
inconsistent with any linear master equation.
Modified master equation – The spontaneous dis-

entanglement hypothesis is based on the assumption that
time evolution is governed by a master equation for
the reduced density operator ρ having a form given by
[11, 13–16]

dρ

dt
= i~−1 [ρ,H] + L −Θρ− ρΘ+ 2 〈Θ〉 ρ , (1)

where ~ is the Planck’s reduced constant, H = H† is the
Hamiltonian, L is a Lindblad superoperator [17] (which
linearly depends on ρ), Θ = Θ† and 〈Θ〉 = Tr (Θρ). The
added term −Θρ− ρΘ+ 2 〈Θ〉 ρ in Eq. (1) deterministi-
cally generates disentanglement. The dependency of the
disentanglement operator Θ on ρ gives rise to nonlinear
dynamics. The construction of the disentanglement oper-
ator Θ is explained in [11]. The disentanglement process
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is characterized by a rate denoted by γD. For spin sys-
tems, the Lindblad superoperator L is characterized by
energy–relaxation Γ1 and dephasing Γϕ rates, thermal
occupation factor n̂0, and longitudinal T1 and transverse
T2 relaxation times [see Eq. (17.154) of Ref. [18]].
Driven L spin system – The system under study

is composed of L coupled spins 1/2. The total angular
momentum vector operator S = (Sx, Sy, Sz) in units of

~/2, is given by S =
∑L

l=1 Sl, where Sl = (Sl,x, Sl,y, Sl,z)
is the l’th spin angular momentum vector operator. The
closed-system Hamiltonian H is given by [12]

H
~

= −ωzSz

2

+
ωK (S+S− + S−S+) + ωA

(

S2
+ + S2

−
)

8

+
S+ΩT1e

iωTt + S−Ω∗
T1e

−iωTt

4
,

(2)

where S± = Sx ± iSy, the rates ωK, ωA, ωT = ω0 +
ωd (transverse driving angular frequency), ω0 (angu-
lar resonance frequency) and ωd (transverse driving an-
gular detuning frequency) are real constants, ΩT1 =
|ΩT1| eiφT (transverse driving amplitude) is a complex
constant, the real time–dependent angular frequency ωz

is given by ωz = ω0 + ΩL1 cos (2 (ωT + ωf) t), where
ωf (longitudinal driving angular detuning frequency)
and ΩL1 (longitudinal driving amplitude) are real con-
stants. The terms S+S− + S−S+ = 2

(

S2
x + S2

y

)

and

S2
+ + S2

− = 2
(

S2
x − S2

y

)

in the Hamiltonian H (2) ac-
count for magnetic anisotropy. The following commuta-
tion relations hold [Si, Sj ] = 2iǫijkSk, [Sz, S±] = ±2S±,
and [S+, S−] = 4Sz. Equations of motion obtained from
the Hamiltonian H (2) (without disentanglement) are de-
rived in section S1 of the supplementary materials (SM).
Note that alternative methods to model dipolar coupling
are reviewed in [19].
The two–spin case – For sufficiently small number

L of spins, the effect of disentanglement can be numeri-
cally explored. Matrix representation of the Hamiltonian
H [see Eq. (2)] for the case L = 2 (i.e. two spins ) is
derived in SM section S2. Time evolution of the magne-
tization 〈S〉, which is derived by numerically integrating
the modified master equation (1), is shown in the plot
in Fig. 1. For the assumed parameters’ values (which
are listed in the figure caption), the Bloch sphere is di-
vided into two basins of attraction corresponding to two
locally–stable steady state solutions of the modified mas-
ter equation (see the red × symbols in Fig. 1). For these
two steady states φ2−φ1 = π, where φn is the oscillation
phase of the n’th steady state with respect to the exter-
nally applied parallel pumping, and where n ∈ {1, 2}.
This bistability, which is induced by disentanglement,

resembles the above–threshold response of a parametri-
cally driven classical resonator. However, while the mag-
netization 〈S〉 is bounded inside the Bloch sphere in the
disentanglement–based model (for any finite number of

FIG. 1: Two spins. Time evolution of the magnetization
〈S〉 = (kx, ky, kz) for the case L = 2. Initial states along
the Bloch sphere equator are labelled by green × symbols,
and the two locally–stable steady states by red × symbols.
Assumed parameters’ values are ωK = 0, ΩT1 = 0, ωd = 0,
γD/ωA = 100, ΩL1/ωA = 3/2 and ωAT1 = ωAT2 = 0.2.

spins L), the amplitude of a classical resonator is un-
bounded.
Rapid disentanglement limit – The demonstration

shown in Fig. 1 for disentanglement–induced bistability
of a two–spin system (i.e. L = 2) is performed by numer-
ically integrating the master equation (1). This method
becomes intractable unless L is kept sufficiently small.
On the other hand, the rapid disentanglement approxi-
mation, which is based on the assumption that the rate of
disentanglement γD is much larger than all decay rates,
can significantly simplify the dynamics.
A theoretical model based on the rapid disentangle-

ment approximation [12] is derived in SM section S3. It is
found that in this approximation, the expectation value
Pz = 〈Sz〉 satisfies in steady state a cubic polynomial
equation given by [see Eq. (S29) in SM section S3]

Pz

Pz0
=

1

1 + 2W

α+
(

δ−4
√
D Pz

Pz0

)2

, (3)

where Pz0 represents the steady state value of Pz for
the case where ΩT1 = 0 and ΩL1 = 0 (no driving),
W is a phase–dependent dimensionless driving ampli-
tude, δ is a dimensionless detuning, and

√
D is a dimen-

sionless transverse lifetime. To first order in the ratio
ωA/ωK, the dimensionless parameters W , δ and D are

given by W = (1/2) |ΩT1|
2
T1T2

[

1 +
√
1− α sin (2φT)

]

,

δ = (ωT − ω0)T2 and
√
D = ωKT2Pz0/4, and to low-
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est nonvanishing order in ωA/ωK, α is given by α =

1− ((1/2) (ωA/ωK) ΩL1T2)
2
.

Bistability occurs in the region where the cubic polyno-
mial equation (3) has three real solutions (two of which
representing locally stable steady states). For the case
α ≥ D bistability is excluded. For 0 < α < D, bista-
bility is possible for dimensionless driving amplitudes W
bounded by W ∈ (W−,W+) (see Fig. S1 in SM section
S3). Analytical expressions for the lower W− and upper
W+ bounds are derived in SM section S3.
Experimental setup – A FMSR is employed for ex-

perimentally testing predictions derived from the spon-
taneous disentanglement hypothesis. This magnetically–
tunable spin system [19] has a variety of applications in
many fields, including magnonics [8, 20–26] and quantum
data processing [27–31].
A sketch of the experimental setup is shown in Fig.

2(a). The FMSR, which has a radius of Rs = 125µm,
is made of Calcium Vanadium Bismuth Iron Garnet
(CVBIG, Ca2VBiFe4O12). The angular frequency of the
FMSR Kittel (uniform) mode ω0 is approximately given
by ω0 = µ0γeHs [32], where Hs is the static magnetic
field, Hs = |Hs|, µ0 is the free space permeability, and
γe/2π = 28GHzT−1 is the gyromagnetic ratio [33]. The
static magnetic field Hs is applied using an electromag-
net. In comparison with Yttrium-Iron-Garnet [34], which
is more commonly used, the smallest value of Hs, for
which the FMSR becomes fully magnetized, is signifi-
cantly lower in CVBIG [35]. To allow lowering ω0/ (2π)
well below 3GHz, CVBIG was chosen for the current
study. FMSR reflectivity is measured using a vector net-
work analyzer (VNA), and FMSR response is monitored
using a radio frequency spectrum analyzer (RFSA).
The plots shown in Fig. 2(b-f) demonstrate some of

the well–known nonlinear effects that are observable with
FMSRs [5]. Driving–induced resonance line shape distor-
tion is demonstrated by the plots in Fig. 2 (b) and (c),
which exhibit measurements of TLA reflectivity RTLA.
The dependency of resonance line shape on longitudinal
PL and transverse PT driving powers, that are applied
to the LLA and TLA, is shown in Fig. 2(b) and (c), re-
spectively. The plots in Fig. 2 (b) and (c) demonstrate
that the FMSR response to externally–applied driving is
qualitatively similar to the response of classical Mathieu
and Duffing oscillators [2].
Frequency mixing between simultaneously applied

transverse and longitudinal driving is demonstrated in
two different configurations. In the first configuration
[see Fig. 2(d)], the longitudinal driving angular fre-
quency, which is denoted by ωL, is tuned close to 2ωT,
whereas ωL ≪ ωT for the second configuration [see Fig.
2 (e) and (f)]. For practical applications, the first config-
uration is mainly used for phase–sensitive amplification,
whereas signal modulation can be implemented using the
second configuration [19].
For the first configuration, for which ωL = 2 (ωT + ωf),

the effect of the relative phase φT between the transverse
and longitudinal driving tones [see Eq. (2)], is demon-

strated using an intermodulation measurement [36]. The
color coded plot in Fig. 2(d) displays the spectral peak
intensity (measured using the RFSA) of the first or-
der frequency mixing between transverse and longitu-
dinal driving tones, which occurs at angular frequency
ωL − ωT = ωT + 2ωf . For the second configuration, the
longitudinal driving frequency ωL/ (2π) is tuned to the
value 0.5MHz. The measured RFSA trace shown in Fig.
2 (e) contains a sequence of sidebands at angular frequen-
cies ωT+mωL, where m is an integer. For comparison, a
calculated spectral density, which is based on Eq. (D11)
of Ref. [37] (see also Ref. [38]), is shown in Fig. 2 (f).
Parameters’ values are listed in the caption of Fig. 2.
A quantitative comparison between data and predic-

tions derived from the disentanglement–based model is
demonstrated by the plots shown in Fig. 3. The effect
of driving on resonance line shape can be characterized
by the frequency shift of the peak (i.e. extremum) point,
which is denoted by fdPP. For the rapid disentangle-
ment model, fdPP can be obtained from Eq. (S31) of
SM section S3. A comparison between data and values
derived from Eq. (S31) is shown in Fig. 3. Dependency
on PT (transverse driving power) and PL (longitudinal
driving power) is shown in (a) and (b), respectively. Pa-
rameters’ assumed values are listed in the caption of Fig.
3. The data–theory comparison demonstrates that the
disentanglement–based model is capable of qualitatively
accounting for the experimentally observed nonlinear re-
sponse of the spin system under study.
Bosonization – While the linearity of standard QM

excludes multistability in finite quantum systems, some
approximation methods can give rise to nonlinear dy-
namics. The method of Bosonization introduces nonlin-
earity that can give rise to bistability in the presence of
magnetic anisotropy [8, 12]. However, it has remained
unclear how this method, which yields bistability that is
otherwise excluded, can be justified [12].
The application of the Bosonization method to the

under–study system of parametrically driven spins is re-
viewed in SM section S4. For simplicity, it is assumed
that FMSR magnetization is uniform (the validity of
this assumption is discussed in SM section S4). FMSR
damping is characterized by linear γ = γ1 + γ2 and non-
linear γ3 rates, where γ1 and γ2 represent, respectively,
the FMSR–TLA inductive coupling, and intrinsic FMSR
loss. Transverse driving is characterized by an amplitude
ωT1, relative phase φT, and angular detuning frequency
Ωd.
The Bosonization method yields in steady state a cubic

polynomial equation for the magnon number expectation
value E, which is given by [see Eq. (S51) in SM section
S4]

E =
2γ1Ω1

(Ωd − ωKE)
2
+ (γ + γ3E)

2 , (4)

where Ω1 = ωT1gM. The term gM represents parametric
gain, which periodically depends on the relative phase
φT [see Eq. (S51) of SM section S4]. Note that a relation
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FIG. 2: FMSR. (a) Experimental setup. The FMSR is induc-
tively coupled to two loop antennas (LA), which allow both
driving and detection of FMSR magnetic resonance. The sig-
nal generators labeled as SG L and SG T drive the longitu-
dinal and transverse loop antennas (LLA and TLA), respec-
tively. A tunable phase shifter (PS) controls the relative phase
φT between longitudinal and transverse driving tones [see Eq.
(2)]. A circulator (C) and a splitter/combiner (SC) are used
to direct the input and output microwave signals. The LLA
(TLA) axis is parallel (perpendicular) to the applied static
magnetic field Hs. All measurements are performed at room
temperature. The transverse driving frequency ωT/ (2π) is
set to 1.874GHz, and the resonance frequency ω0/ (2π) is
tuned by adjusting the electromagnet current. (b) TLA re-
flectivity RTLA as a function of transverse driving detuning
frequency ωd/ (2π) = (ωT − ω0) / (2π) for 3 different values
of the driving power applied to the LLA, which is denoted
by PL. The transverse driving power, which is denoted by
PT, is 10 dBm. (c) TLA reflectivity RTLA (in dB units) as
a function of transverse driving detuning frequency ωd/ (2π)
and PT (for this measurement no longitudinal driving is ap-
plied). (d) Intermodulation peak intensity (in dBm units) as
a function of transverse driving detuning frequency ωd/ (2π)
and relative phase φT (controlled by the PS). The longitudi-
nal driving detuning frequency ωf/ (2π) is set to 5 kHz. The
intermodulation peak at frequency (ωT + 2ωf) / (2π) is mea-
sured using the RFSA. For this measurement PT = 10 dBm
and PL = 30 dBm. (e) Mixing with low–frequency longitu-
dinal driving. The measured RFSA intensity IRFSA is plot-
ted as a function of ωs ≡ ωRFSA − ωT, where ωRFSA is the
RFSA angular frequency. Longitudinal driving frequency is
ωL/ (2π) = 0.5MHz, and power is 0 dBm. (f) Theoretical
calculation of IRFSA based on Eq. (D11) of Ref. [37]. FMSR
measured parameters that are used for the calculation are
ωLT1 = 0.6 and T1/T2 = 2.1.

FIG. 3: Peak points. (a) The peak point frequency shift fdPP

as a function of transverse driving power PT for longitudinal
driving power PL values of 0mW (blue), 320mW (green) and
560mW (red). (b) The dependency on longitudinal driving
power PL, for the case PT = 31.6mW. For both plots, solid
lines represent predictions derived using Eq. (S31) of SM
section S3. The dimensionless parameter D in Eq. (S31) is
determined by measuring the transverse driving power and
frequency detuning at the lower bistability onset point (see
SM section S3). A calibration yields the dimensionless pa-
rameters W = PT/ (37mW) and W 2

AT
2
2 = PL/ (980mW).

similar to Eq. (4) is obtained from the Mathieu model
for the steady state of a parametrically driven classical
resonator [39].
Stability analysis of the cubic polynomial equation

(4) has been performed in Ref. [40]. Bistability oc-

curs provided that |ωK| ≥
√
3γ3. In the bistabil-

ity region the cubic polynomial equation (4) has three
real non–negative solutions (two of which represent lo-

cally stable steady states). For |ωK| ≥
√
3γ3, bista-

bility is possible for driving amplitudes Ω1 bounded
by Ω1 ≥ Ω1c, where Ω1c = E3

c

(

ω2
K + γ2

3

)

/ (2γ1) and

Ec =
(

2γ/
√
3
)

/
(

|ωK| −
√
3γ3
)

.
Above parametric instability threshold, and in the

absence of nonlinear damping (i.e. for γ3 = 0), the
Bosonization–based model predicts that the Bosonic
mode amplitude exponentially increases as a function of
time. A finite steady state solution is obtained provided
that γ3 > 0. Nonlinear damping in magnetically ordered
dielectrics has been theoretically studied in [41]. A pair-
ing mechanism, which originates from a fourth order in-
teraction, suppresses pumping–induced magnon creation
[5], and thus further bounds steady state amplitude.
The two competing theoretical models yield distin-

guishable predictions. For example, the region where
bistability occurs in the plane of driving amplitude and
driving frequency detuning is finite according to the rapid
disentanglement model (see Fig. S1 in SM section S3).
In contrast, the Bosonization–based model predicts an
infinite region (both driving amplitude Ω1 and detuning
angular frequency Ωd in the bistability region do not have
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upper bounds, see Fig. S2 in SM section S4).
Mapping measurements of the region of bistability are

presented in SM section S5. A comparison between data
and theoretical predictions (see Fig. S3 of SM section
S5) reveals that the rapid disentanglement model better
aligns with data (in comparison with the Bosonization–
based model).
Discussion – The experimentally–observed effect of

parallel pumping on spins suggests that the underlying
dynamics are nonlinear [5]. The method of Bosonization
can give rise to nonlinearity. However, the justification
of this method is arguably questionable [42–46], since it
gives rise to multi-stability that is otherwise theoretically
excluded. An alternative model, which is based on the
disentanglement master equation (1), is found to be ca-
pable of qualitatively accounting for both instability and
bistability, which are experimentally–observed in the spin
system under study.
Generally, the modified master equation (1) can be

constructed for any physical system whose Hilbert space
has finite dimensionality. The nonlinear term added to
the master equation (1) does not violate both norm con-
servation and positivity of the density operator ρ [10].
For a multipartite system, partial disentanglement (i.e.
disentanglement between any pair of subsystems) can be
introduced. In the absence of entanglement (i.e. for
product states), the nonlinear extension in the master
equation (1) does not vary any prediction of standard

QM. Disentanglement is invariant under any subsystem
unitary transformation, and it is applicable for both dis-
tinguishable and indistinguishable particles [47]. More-
over, the spontaneous disentanglement hypothesis is fal-
sifiable, since Eq. (1) yields predictions that are distin-
guishable from what is derived from standard QM.
The spontaneous disentanglement hypothesis is ar-

guably relevant to the problem of quantum measure-
ment [48–57], which was first introduced in 1935 by
Schrödinger [58]. This problem was the main motiva-
tion for previously–proposed nonlinear extensions to QM
[59–67]. The nonlinear extension in the disentanglement
master equation (1) makes the collapse postulate of QM
redundant. Moreover, the spontaneous disentanglement
hypothesis is arguably related to phase transitions in
quantum systems [10] and to superconductivity [47].
Summary – The current study compares predictions

derived from two competing theoretical models, with the
measured FMSR response to externally–applied trans-
verse and longitudinal driving. Better agreement is ob-
tained from the disentanglement–based model (in com-
parison with the Bosonization–based model). Further
study is needed to determine whether the spontaneous
disentanglement hypothesis is consistent with experimen-
tal observations obtained with other physical systems,
and whether it is internally consistent.
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Heisenberg equations of motion are derived in section S1, and the two–spin case L = 2 is discussed in section
S2. Sections S3 and S4 are devoted to the rapid disentanglement and the Bosonization–based models, respectively.
Predictions derived from these two competing theoretical models are compared with experimental results in section
S5.

S1. EQUATIONS OF MOTION

In this section, a unitary transformation into a rotating frame is applied to simplify the equations of motion. The
Hamiltonian given by Eq. (2) in the main text yields Heisenberg equations of motion given by

d

dt

(

S+

S−

)

=

(

−iωz 0
0 iωz

)(

S+

S−

)

+ Sz

(

− iωK

2 − iωA

2
iωA

2
iωK

2

)(

S+

S−

)

+

(

− iωK

2 − iωA

2
iωA

2
iωK

2

)(

S+

S−

)

Sz

+

(

−iSzΩ
∗
T1e

−iωTt

iSzΩT1e
iωTt

)

,

(S1)

and [note that [S+S− + S−S+, Sz] = 0, since S+S− + S−S+ = 2
(

S2
x + S2

y

)

]

dSz

dt
= −i

ωA

(

S2
+ − S2

−
)

2
− i

(

S+ΩT1e
iωTt − S−Ω∗

T1e
−iωTt

)

2
. (S2)

The transformation

(

S+

S−

)

=

(

eiωTt 0
0 e−iωTt

)(

X Y
Y X

)(

S+

S−

)

, (S3)

where X = (1/2)
(

√

1 + ωA/ωK +
√

1− ωA/ωK

)

and where Y = (1/2)
(

√

1 + ωA/ωK −
√

1− ωA/ωK

)

, yields [note

that X2 + Y 2 = 1, 2XY = ωA/ωK, and X2 − Y 2 =

√

1− (ωA/ωK)
2
= 1/̺, where ̺ = 1/

√

1− (ωA/ωK)
2
]

d

dt

(

S+

S−

)

= i

(

ωT − ̺ωz ̺ωz
ωA

ωK
e2iωTt

−̺ωz
ωA

ωK
e−2iωTt −ωT + ̺ωz

)(

S+

S−

)

+
iωK

2̺

(

−S+Sz − SzS+

S−Sz + SzS−

)

+ i

(

−XΩ∗
T1 + Y ΩT1e

2iωTt

XΩT1 − Y Ω∗
T1e

−2iωTt

)

Sz ,

(S4)

and

dSz

dt
=

i̺ωA

(

e2iωTtS2
− − e−2iωTtS2

+

)

2

− i̺
X (ΩT1S+ − Ω∗

T1S−) + Y
(

Ω∗
T1e

−2iωTtS+ − ΩT1e
2iωTtS−

)

2
.

(S5)

In the rotating wave approximation (RWA) Eqs. (S4) and (S5) become [recall that ωT = ω0 + ωd and ωz =



2

ω0 +ΩL1 cos (2 (ωT + ωf) t), and note that it is assumed that |ωd| ≪ ω0 and |ωf | ≪ ω0]

d

dt

(

S+

S−

)

= i

(

Wd WAe
−2iωf t

−WAe
2iωf t −Wd

)(

S+

S−

)

+
iWK

2

(

−S+Sz − SzS+

S−Sz + SzS−

)

+ i

(

−W ∗
T1Sz

WT1Sz

)

,

(S6)

and

dSz

dt
=

i̺ (W ∗
T1S− −WT1S+)

2
. (S7)

where Wd = ωT−̺ω0, WA = (̺/2) (ωA/ωK)ΩL1, WK = ωK/̺ and WT1 = ΩT1X . Note that for ωf = 0 (i.e. vanishing
longitudinal driving angular detuning frequency), the equation of motion (S6) becomes time independent.

S2. THE CASE L = 2

For sufficiently small number of spins L, some analytical results can be derived. The smallest value, for which
disentanglement is relevant, is L = 2 (i.e. two spins). For that case, the matrix representation of the Hamiltonian H
[see Eq. (2) in the main text] is given by (recall that [Si, Sj ] = 2iǫijkSk, [Sz, S±] = ±2S± and [S+, S−] = 4Sz, where
S± = Sx ± iSy)

H
~
=̇







−ωz + ωK ωt ωt ωA

ω∗
t ωK ωK ωt

ω∗
t ωK ωK ωt

ωA ω∗
t ω∗

t ωz + ωK






, (S8)

where ωt = (ΩT1/2) e
iωTt. For the case ωK = 0, ωt = 0 and ωT = ω0, the non–vanishing entries of the Hamiltonian

H (S8) can be represented by a 2× 2 block given by [recall that ωz = ω0 + ΩL1 cos (2ω0t)]

H
~
=̇− ω0

(

1 tan q
tan q −1

)

− ΩL1 cos (2ω0t)

(

1 0
0 −1

)

, (S9)

where tan q = −ωA/ω0.
Diagonalization of the static part is performed by the transformation

H′

~
= u−1H

~
u=̇− ω0

cos q

(

1 0
0 −1

)

− ΩL1 cos (2ω0t)

(

cos q − sin q
− sin q − cos q

)

,

(S10)

where

u=̇

(

cos q
2 − sin q

2
sin q

2 cos q
2

)

. (S11)

A rotating frame transformation yields

H′′

~
= −iu†

0

du0

dt
+ u†

0

H′

~
u0

=̇ω0
cos q − 1

cos q

(

1 0
0 −1

)

− ΩL1 cos (2ω0t)

(

cos q −e−2iω0t sin q
−e2iω0t sin q − cos q

)

,

(S12)



3

where

u0=̇

(

eiω0t 0
0 e−iω0t

)

. (S13)

Applying the RWA leads to the Hamiltonian H′′
RWA, which has a matrix representation given by

H′′
RWA

~
=̇ω0

cos q − 1

cos q

(

1 0
0 −1

)

+
ΩL1 sin q

2

(

0 1
1 0

)

. (S14)

The transformation inverse to u yields

H′′′

~
= u

H′′
RWA

~
u−1

=̇ω0 (cos q − 1)

(

1 tan q
tan q −1

)

+
ΩL1 sin q

2

(

− sin q cos q
cos q sin q

)

.

(S15)

For ΩL1 ≪ ω0 and ωA ≪ ω0, H′′′ has a 4 × 4 matrix representation given by [recall that q = tan−1 (−ωA/ω0) =
−ωA/ω0 +O

(

ω3
A

)

]

H′′′

~
=̇− ωA

2ω0







ωA 0 0 ΩL1

0 0 0 0
0 0 0 0

ΩL1 0 0 −ωA






. (S16)

S3. RAPID DISENTANGLEMENT APPROXIMATION

The spontaneous disentanglement hypothesis is formulated using a nonlinear master equation given by Eq. (1) in
the main text. For large systems, this nonlinear master equation is commonly intractable. In the current section, the
rapid disentanglement approximation, which greatly simplifies the dynamics, is explored.

The term S±Sz + SzS± in Eq. (S6) can be expressed as S±Sz + SzS± =
∑L

l′,l′′=1 (Sl′,±Sl′′,z + Sz,l′Sl′,±). The

approximation 〈Sl′,±Sl′′,z + Sz,l′Sl′,±〉 ≃ 〈Sl′,±〉 〈Sl′′,z〉+〈Sz,l′〉 〈Sl′′,±〉 ≃ 2L−2 〈S±〉 〈Sz〉 can be implemented provided
that the rate of disentanglement γD is sufficiently large. By implementing this approximation, and by averaging and
adding damping terms to Eqs. (S6) and (S7), one obtains

d

dt

(

P+

P−

)

=

(

i (Wd −WKPz)− 1
T2

iWAe
−2iωft

−iWAe
2iωf t −i (Wd −WKPz)− 1

T2

)(

P+

P−

)

+ iPz

(

−W ∗
T1

WT1

)

,

(S17)

and

dPz

dt
=

i̺ (W ∗
T1P− −WT1P+)

2
− Pz − Pz0

T1
, (S18)

where P± = 〈S±〉 and Pz = 〈Sz〉. Note that Eqs. (S17) and (S18) are invariant under the transformation
(φT, P+, P−) → (φT + π,−P+,−P−) (recall that WT1 = X |ΩT1| eiφT). Note that the same invariance occurs in
the classical realm, which is described by the Mathieu model.
For the case ωf = 0 (no parametric detuning) and WT1 = 0 (no transverse driving), Eq. (S17) yields dN/dt =

2 (WA sin (2φP)− 1/T2)N , where N ≡ P+P− = P 2
x + P 2

y , P± =
√
N e±iφP , and φP is real. Phase–dependent rate of

magnon creation by parallel pumping is represented by the term WA sin (2φP) [recall that WA = (̺/2) (ωA/ωK)ΩL1].
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A. The case ωf = 0

For the case ωf = 0 (i.e. no parametric detuning), a unitary transformation given by

(

Px

Py

)

=

(

1 i
1 −i

)−1(
P+

P−

)

, (S19)

yields real equations of motion given by [see Eqs. (S17) and (S18)]

dP

dt
=





− 1
T2

−wd +WA −WT1I

wd +WA − 1
T2

−WT1R

̺WT1I ̺WT1R − 1
T1



P+





0
0

Pz0

T1



 , (S20)

where P = (Px, Py , Pz)
T
, and where

WT1R =
WT1 +W ∗

T1

2
, (S21)

WT1I =
WT1 −W ∗

T1

2i
. (S22)

Alternatively

dP

dt
= WR ×P+MdP+





0
0

Pz0

T1



 , (S23)

where the vector WR, which is given by WR = (WT1R,−WT1I, wd)
T, represents a rotation axis, and where the matrix

Md is given by (note that WA = 0 and ̺− 1 = 0 when ωA = 0)

Md =





− 1
T2

WA 0

WA − 1
T2

0

(̺− 1)WT1I (̺− 1)WT1R − 1
T1



 . (S24)

The eigenvalues of the matrix Md, which represent effective values of spin damping rates, are − (1 +WAT2) /T2,
− (1−WAT2) /T2 and −1/T1.

B. Bistability for the case ωf = 0

Steady states, which are time–independent solutions of the equations of motion, are derived in this section. For
ωf = 0 (i.e. vanishing longitudinal driving angular detuning frequency), Eq. (S17) can be expressed as

d

dt

(

P+

P−

)

=
1

T2
MT

(

P+

P−

)

+ izPz0

(

−W ∗
T1

WT1

)

, (S25)

where the matrix MT is given by

MT =





i
(

δ − 4
√
Dz
)

− 1 i
√
1− α

−i
√
1− α −i

(

δ − 4
√
Dz
)

− 1



 , (S26)

δ = WdT2, D = (WKT2Pz0/4)
2, z = Pz/Pz0 and α = 1−W 2

AT
2
2 . Steady state of Eq. (S25) is given by

(

P+

P−

)

= izPz0T2M
−1
T

(

W ∗
T1

−WT1

)

, (S27)

and thus (recall that WT1 = |WT1| eiφT)

W ∗
T1P− −WT1P+ = 2izPz0T2 |WT1|2

1 +
√
1− α sin (2φT)

α+
(

δ − 4
√
Dz
)2 ,

(S28)
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hence in steady state [see Eq. (S18)]

z =
1

1 + 2W

α+(δ−4
√
Dz)2

, (S29)

where W = (1/2)̺ |WT1|
2
T1T2

[

1 +
√
1− α sin (2φT)

]

. The cubic polynomial equation for z (S29) can be expressed
as 0 = F (z, δ), where

F (z, δ) = z

(

α+
(

δ − 4
√
Dz
)2

+ 2W

)

− α−
(

δ − 4
√
Dz
)2

. (S30)

Peak points – At peak points, for which 0 = dz/dδ = − (∂F/∂δ) / (∂F/∂z), where ∂F/∂δ = 2 (z − 1)
(

δ − 4
√
Dz
)

,

the condition 0 = F yields z = 1/ (1 + (2W/α)) and

δ =
4
√
D

1 + 2W
α

. (S31)

Bistability onset points – At a bistability onset point the following three conditions hold

0 =
dδ

dz
= −Fz

Fδ
, (S32)

0 =
d2δ

dz2
= −F 2

δ Fzz − 2FzFδFzδ + F 2
z Fδδ

F 3
δ

, (S33)

and

0 = F (z, δ) , (S34)

where F with an added subscript denotes a partial derivative, e.g. Fz = ∂F/∂z. Solution for z of conditions
(S32), (S33) and (S34) are given by z1 = Z (q), and z± = Z

(

qe±2πi/3
)

, where the function Z (x) is defined by

Z (x) = (x+ 1/x+ 3) /4, and where q = exp
(

i (2/3) cos−1
√

α/D
)

. For any given solution for z, the corresponding

variables δ and W are given by δ = 2
√
D(3z − 1) and W = 6D (1− z)

2 − α/2. For the case 1 ≤ α/D bistability is
excluded. For the case α/D = 1, the following holds z± = 1/2, δ =

√
α, and W = α. For negative α, only a single

bistability onset point exists, and for this case bistability occurs only below the corresponding critical value of W .
The plot in Fig. S1, which is based on the cubic polynomial equation (S30), displays steady state values of the

dimensionless polarization z as a function of the dimensionless detuning δ, for five different values of the dimensionless
driving amplitude W . The symbol P± labels the bistability onset point having dimensionless polarization z± and
dimensionless detuning δ±. Peak points are labeled by green triangles [see Eq. (S31)].

C. Parametric gain for the case ωf = 0

The eigenvalues of the matrix MT (S26) are −1±
√

1− α−
(

δ − 4
√
Dz
)2

. This matrix can be decomposed as

MT =

(

µ1 µ2

µ∗
2 µ∗

1

)

=

(

|µ1| eiφ1 |µ2| eiφ2

|µ2| e−iφ2 |µ1| e−iφ1

)

= R

(

φ1 + φ2

2

)(

|µ1|+ |µ2| 0
0 |µ1| − |µ2|

)

R†
(

φ2 − φ1

2

)

,

(S35)
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FIG. S1: Dimensionless polarization z as a function of dimensionless detuning δ for the rapid disentanglement model. Calcu-
lation of steady state is based on Eq. (S29). Assumed parameters’s values are α = 0.8 and D = 2α. The five curves, which
are labelled by the numbers 1, 2, 3, 4, and 5, are calculated for five different values of the dimensionless driving amplitude W
respectively given by W−/2, W−, (W− +W+) /2, W+ and 2W+, where W± is the value of W corresponding to the bistability
onset point having value of z given by z±. Peak points are labeled by green triangles [see Eq. (S31)].

where µ1 = i
(

δ − 4
√
Dz
)

− 1 = |µ1| eiφ1 , µ2 = i
√
1− α = |µ2| eiφ2 , and where the unitary matrix R (φ) is given by

R (φ) =

(

eiφ√
2

eiφ√
2

e−iφ

√
2

− e−iφ

√
2

)

, (S36)

and thus in steady state [see Eq. (S27), recall that WT1 = |WT1| eiφT , and note that |µ1|2−|µ2|2 = α+
(

δ − 4
√
Dz
)2

]

(

P+

P−

)

=
izPz0T2 |WT1|
|µ1|2 − |µ2|2

(

|µ1| e−i(φT+φ1) + |µ2| ei(φT+φ2)

− |µ1| ei(φT+φ1) − |µ2| e−i(φT+φ2)

)

. (S37)

The following holds

P+P− =









zPz0T2 |WT1|

|µ1|
(

1−
∣

∣

∣

µ2

µ1

∣

∣

∣

2
)









2

gP (φT) , (S38)

where the phase–dependent gain gP (φT) is given by

gP =

∣

∣

∣

∣

∣

1 +
|µ2| e2i(φT+

φ1+φ2
2 )

|µ1|

∣

∣

∣

∣

∣

2

=

(

1 +
|µ2|
|µ1|

)2

cos2
(

φT +
φ1 + φ2

2

)

+

(

1− |µ2|
|µ1|

)2

sin2
(

φT +
φ1 + φ2

2

)

= 1 +
2 |µ2|
|µ1|

cos (2φT + φ1 + φ2) +
|µ2|2

|µ1|2
.

(S39)

Note that as a function of φT the gain gP (φT) oscillates between a minimum value given by (1− |µ2| / |µ1|)2 and a

maximum value given by (1 + |µ2| / |µ1|)2.
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S4. BOSONIZATION

The method of Bosonization is widely employed to study spin systems. As is discussed below, by implementing this
method, the equations of motion become nonlinear, and consequently, multistabilities, which are otherwise excluded,
become allowed. In the Holstein–Primakoff transformation [S1], the operators S± and Sz are expressed as S+ =

2B† (L−B†B
)1/2

, S− = 2
(

L−B†B
)1/2

B and Sz = −L+ 2B†B , where L is the total number of spins, and where

B†B is a number operator. Self–consistency with the originally–assumed commutation relations [S+, S−] = 4Sz and
[Sz, S±] = ±2S± is obtained by requiring that the operators B and B† satisfy the Bosonic commutation relation
[

B,B†] = 1.

The Hamiltonian H [see Eq. (2) in the main text] can be expressed in terms of the operators B and B† [S2–S5].
The following holds (S+S− + S−S+) /8 = (L− 1)B†B − B†B†BB + L/2 [see the term proportional to ωK in the
Hamiltonian H given by Eq. (2) in the main text]. The approximations S+ ≃ 2L1/2B† and S− ≃ 2L1/2B , which are
based on the assumption that

〈

B†B
〉

/L ≪ 1, yield S2
+ + S2

− = 4L
(

B†B† +BB
)

[see the term proportional to ωA in
the Hamiltonian H given by Eq. (2) in the main text].

The terms proportional to ΩT1 and Ω∗
T1 in the Hamiltonian H given by Eq. (2) in the main text represent transverse

driving. In the Bosonization method, these terms are excluded from the closed–system Hamiltonian H, and transverse
driving is instead accounted for by introducing an external feedline [S6]. The coupling between the feedline and the
spins, which is assumed to be linear, is characterized by a rate denoted by γ1. Closed–system Heisenberg equations of
motion for the operators B and B† are thus derived by ignoring the transverse driving terms in H (the approximation
L− 1 ≃ L is implemented)

d

dt

(

B†

B

)

=

(

−iωz + iLωK iLωA

−iLωA iωz − iLωK

)(

B†

B

)

+ 2iωK

(

−B†B†B
B†BB

)

.

(S40)

The operator transformation [compare with Eq. (S3), and recall that X = (1/2)
(

√

1 + ωA/ωK +
√

1− ωA/ωK

)

=

1 +O
(

ω2
A

)

and Y = (1/2)
(

√

1 + ωA/ωK −
√

1− ωA/ωK

)

= (1/2)ωA/ωK +O
(

ω2
A

)

]

(

B+

B−

)

=

(

eiωTt 0
0 e−iωTt

)(

X Y
Y X

)(

B†

B

)

, (S41)

yields [recall that X2+Y 2 = 1, 2XY = ωA/ωK, and X2−Y 2 =

√

1− (ωA/ωK)
2
= 1/̺, where ̺ = 1/

√

1− (ωA/ωK)
2
]

d

dt

(

B+

B−

)

= i

(

ωT − ̺ωz +
LωK

̺
̺ωAωze

2iωTt

ωK

− ̺ωAωze
−2iωTt

ωK
−ωT + ̺ωz − LωK

̺

)

(

B+

B−

)

(S42)

+ 2iωK

(

eiωTt 0
0 e−iωTt

)(

X Y
Y X

)(

−B†B†B
B†BB

)

.

(S43)

The transformation inverse to (S41) yields in the RWA (recall that X2 + Y 2 = 1)

(

eiωTt 0
0 e−iωTt

)(

X Y
Y X

)(

−B†B†B
B†BB

)

=





−X2B+B+B−+2X2Y 2B+B−B++Y 2B−B+B+

(X2−Y 2)3

X2B+B−B−+2X2Y 2B−B+B−+Y 2B−B−B+

(X2−Y 2)3



 , (S44)
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and thus in this approximation [recall that ωz = ω0 +ΩL1 cos (2 (ωT + ωf) t), and that WA = (̺/2) (ωA/ωK)ΩL1]

d

dt

(

B+

B−

)

= i

(

ωT − ̺ωz +
LωK

̺ WAe
−2iωf t

−WAe
2iωf t −ωT + ̺ωz − LωK

̺

)

(

B+

B−

)

+ 2iωK





−X2B+B+B−+2X2Y 2B+B−B++Y 2B−B+B+

(X2−Y 2)3

X2B+B−B−+2X2Y 2B−B+B−+Y 2B−B−B+

(X2−Y 2)3



 .

(S45)

Damping is characterized by a linear rate given by γ = γ1 + γ2, and a cubic nonlinear rate denoted by γ3. The
rate γ2 represents intrinsic FMSR damping (recall that γ1 characterizes coupling to the feedline). Transverse driving,
which is delivered via the external feedline [S7], is characterized by amplitude ωT1 (in units of rate) and relative phase
φT.
Equations of motion for the expectation values β± = 〈B±〉 are obtained by applying averaging to the operator

equations of motion (S45), and by adding terms representing damping and transverse driving. In the next step, the
mean field approximation is implemented by replacing terms having the form 〈Bσ1

Bσ2
Bσ3

〉, by 〈Bσ1
〉 〈Bσ2

〉 〈Bσ3
〉, where

σn ∈ {+,−} and n ∈ {1, 2, 3}. The validity of the mean field approximation is arguably questionable, because, as can
be seen from the derivation below, terms having the form 〈Bσ1

〉 〈Bσ2
〉 〈Bσ3

〉 give rise to nonlinear dynamics. Conse-
quently, multistabilities, which are originally excluded, become allowed when the mean field approximation is being
implemented. The current manuscript is mainly motivated by the difficulty to justify the mean field approximation.
The equations of motion for the expectation values β± = 〈B±〉 are (recall that X2 + Y 2 = 1)

d

dt

(

β+

β−

)

= Mβ

(

β+

β−

)

+
√

2γ1ωT1

(

ie−iφT

−ieiφT

)

, (S46)

where the 2× 2 matrix Mβ is given by

Mβ =

(

Wb iWAe
−2iωft

−iWAe
2iωf t W ∗

b

)

, (S47)

and Wb = i
(

ωT − ̺ω0 + LωK/̺− 2̺3ωK

(

1 + (ωA/ωK)
2
/2
)

β+β−
)

− γ − γ3β+β−[compare with Eq. (S35)]. Note

that Wb = i (Ωd − 2ωKβ+β−)− γ − γ3β+β− +O
(

ω2
A

)

, where Ωd = ωT − ω0 + LωK.
For the case ωf = 0, steady state solution of Eq. (S46) is given by

(

β+

β−

)

= −
√

2γ1ωT1

( W∗

b

|Wb|2−W 2
A

− iWA

|Wb|2−W 2
A

iWA

|Wb|2−W 2
A

Wb

|Wb|2−W 2
A

)

(

ie−iφT

−ieiφT

)

= −
√
2γ1ωT1

|Wb|2 −W 2
A

(

iW ∗
b e

−iφT −WAe
iφT

−WAe
−iφT − iWbe

iφT

)

,

(S48)

and thus the steady state value of E ≡ |β±|2 = β+β− can be calculated by solving the equation (note that Wb depends
on E)

E =
2γ1ωT1gM

|Wb|2
(

1−
∣

∣

∣

WA

Wb

∣

∣

∣

2
)2 , (S49)

where the phase–dependent gain gM (φT) is given by [compare to Eq. (S39)]

gM =

∣

∣

∣

∣

1 +
iWAe

2iφT

W ∗
b

∣

∣

∣

∣

2

. (S50)
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FIG. S2: Bosonization. The steady state value of magnon number expectation value E is calculated as a function of the detuning
angular frequency Ωd by solving the cubic polynomial equation given by Eq. (4) of the main text. Assumed parameters’ values
are γ1/γ = 0.5, γ3/γ = 0.1 and ωK/γ = 1. The driving amplitudes Ω1 for the curves labelled by the integers 1, 2 and 3 are
0.5Ω1c, Ω1c and 10Ω1c, respectively, where Ω1c is the value of Ω1 at the bistability onset point, which is labeled by a red cross
symbol. Peak points are labeled by green triangles.

The notation iWA/W
∗
b = ηAe

iφA , where both ηA and φA are real, allows expressing the gain gM as

gM = (1 + ηA)
2
cos2

(

φT +
φA

2

)

+ (1− ηA)
2
sin2

(

φT +
φA

2

)

= 1+ 2ηA cos (2φT + φA) + η2A .

(S51)

Similarly to the rapid disentanglement model, the steady state response is periodic in the phase φT with period π
[compare to Eq. (S39)].
Consider the case where both ωA and β+β− are assumed to be sufficiently small to validate an approximation, in

which terms of order O
(

ω2
A

)

are disregarded, and terms of first order in ωA are evaluated in the limit β+β− → 0. For
this case

ηA =

∣

∣

∣

∣

WA

W ∗
b

∣

∣

∣

∣

=
ωAΩL1

2ωK

√

Ω2
d + γ2

, (S52)

and Eq. (S49) yields a cubic polynomial equation for E given by Eq. (4) of the main text.
For any given transverse driving amplitude Ω1 ≡ ωT1gM, the cubic polynomial equation allows calculating the

magnon number expectation value E as a function of the angular frequency detuning Ωd. The plots shown in Fig. S2
demonstrate the transition from the mono–stability Ω1 < Ω1c to the bistability Ω1 > Ω1c regions, where Ω1c is the
value of Ω1 at the bistability onset point (see the red cross symbol in Fig. S2) [S7].
Note that the analysis above is based on the assumption that magnetization is uniform. This simplifying assumption

has been employed before to model Kerr nonlinearity in FMSR [S3]. For the more general case, the response of the
magnetic medium is decomposed into spin waves [S8]. Note, however, that spin wave theory [S9] is based on the same
Bosonization method (i.e. Holstein–Primakoff transformation [S1]) that is employed in this section. As was shown
above in section S1, the Heisenberg equations of motion that are derived from the system’s Hamiltonian are all linear.
Multistability, which is excluded by this linearity, becomes possible when Bosonization is implemented, regardless of
whether or not magnetization is assumed to be uniform.
What is the validity range of the assumption that magnetization is uniform? The system’s response generally

depends on the dispersion relation of spin waves. The effect of exchange interaction on the dispersion relation is
characterized by the dimensionless parameter ǫex = ωMλexk

2/ω0, where ωM = −γeµ0MS, γe/2π = 28GHzT−1 is
the gyromagnetic ratio, µ0 is the free space permeability, MS is the saturated magnetization, λex is the exchange
constant, k = 2π/λm, λm is the spin wavelength, and ω0 is the Larmor angular frequency [see Eq. (5.18) of Ref.
[S9]]. For sufficiently small values of the transverse ωd and longitudinal ωf detuning angular frequencies, the effect
of exchange–induced dispersion can be disregarded [S68]. From the condition ǫex ≃ 1 for the case λm = Rs one



10

FIG. S3: Bistability. Onset of bistability occurs at driving frequency detuning fd denoted by fdc, and driving power PT denoted
by Pc. Measured jump and peak points are labeled by the symbols + and ×, respectively. Theoretical predictions derived from
the rapid disentanglement and Bosonization–based models are colored by blue and red, respectively. The following measured
FMSR parameters are used for the calculations ω0/ (2π) = 4.062101 GHz, Pc = 13.5 dBm, γ1/γ = 0.4 and γ3/ωK = 5.8× 10−2.

finds that exchange–induced dispersion can be approximately disregarded provided that max (|ωd| , |ωf |) . ωD, where

ωD = ωMλex (2π/Rs)
2. For our experimental setup ωD/ (2π) ≃ 2 kHz [S9].

S5. BISTABILITY

Both the rapid disentanglement model (see section S3) and the Bosonization–based model (see section S4) predict
bistability. The plot in Fig. S3 presents a comparison between experimental mapping of the region of bistability,
which is measured with transverse driving only, and theoretical predictions. The experimental mapping is performed
by sweeping both transverse driving detuning frequency fd and transverse driving power PT, and monitoring FMSR
response. Above a critical value of the driving power, which is denoted by Pc, hysteresis is observed in the dependency
on fd. The driving detuning frequency fd at the bistability onset point (i.e. for PT = Pc) is denoted by fdc. For any
given value of transverse driving power PT in the region of bistability (i.e. for PT > Pc), the lower (upper) frequency
bound of the region of bistability is determined by sweeping fd upwards (downwards), and identifying the driving
detuning frequency fd at which the response exhibits a sharp jump. The measured jump points are labelled in Fig.
S3 using the symbol +. The symbol × is used to label measured peak points.
Theoretical predictions derived from the rapid disentanglement model are blue colored [see the cubic polynomial

equation (S29)], whereas the color red is used for predictions derived from the Bosonization–based model [see the
cubic polynomial equation (S49)]. For both models, calculated jump points are represented by solid lines, whereas
dashed lines are used for calculated peak points. The data–theory comparison presented in Fig. S3 indicates that the
rapid disentanglement model better aligns with the experimental results.
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